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Semiphenomenological effective-medium theory of multicomponent nucleation

V. I. Kalikmanov and M. E. H. van Dongen
Physics Department, Eindhoven University of Technology, W&S, P.O. Box 513, 5600 MB, Eindhoven, The Netherlands

~Received 4 October 1996!

We propose an effective-medium approach for homogeneous vapor-liquid nucleation of multicomponent
mixtures in the regime of retrograde condensation. Transformation to an effective unary system is accompanied
by renormalization of the surface tension. We formulate a generalized Fisher droplet model@M. E. Fisher,
Physics3, 255 ~1967!# for the cluster distribution in the effective system. A closed-form expression for the
nucleation rate is obtained within the framework of the kinetic approach to nucleation. The theory contains no
adjustable parameters. Two- and four-component mixtures of hydrocarbons are studied and theoretical predic-
tions are compared with available experimental data.@S1063-651X~97!14602-5#

PACS number~s!: 64.60.Qb, 82.60.Nh, 05.70.Fh
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I. INTRODUCTION

Theory of multicomponent homogeneous nucleation w
proposed by Hirschfelder in 1974@1# as an extension of the
classical binary nucleation theory of Reiss@2#. The latter is
in its turn a generalization of the Becker-Do¨ring-Zeldovich
phenomenological theory of one-component nucleation@3,4#.
According to @1# the Gibbs free formation energ
DG(n1 , . . . ,nN) of a liquid droplet, containingn1 , . . . ,nN
molecules of components 1, . . . ,N, respectively, in a super
saturated vapor mixture forms a saddle-shaped surface in
N-dimensional space such thatDG* represents the height a
the saddle. The steady-state nucleation rate is given by

J5J0exp~2DG* /kBT!, ~1!

whereT is the temperature andkB the Boltzmann constant
In Hirschfelder’s approach the kinetics of nucleation~con-
tained in the preexponential factorJ0) is based on the as
sumption, inherited from Reiss’ theory, that droplet grow
across the saddle point goes in the direction of steepes
scent on theDG surface; in other words the form o
DG(n1 , . . . ,nN) alone determines the direction of growt
In 1976 Stauffer@5# proposed a different expression for th
prefactorJ0 in the binary nucleation model. His main resu
states that the growth kinetics is determined from a com
nation of energetic and kinetic factors and not only by
steepest descent direction on the energy surface. More
cently, Trinkaus@6# generalized Stauffer’s result for mult
component systems.

A peculiar thing about mixtures is the existence of surfa
enrichment @7#, meaning that the composition inside th
droplet can be different from that near its surface~due to
adsorption!—an effect not present in a single-compone
case. Wilemski@7# proposed ‘‘a revised classical binar
nucleation theory,’’ in which surface enrichment is tak
into account under the capillarity approximation by dist
guishing between bulk and surface molecules of each spe
and applying the Gibbs-Duhem equation for the bulk and
Gibbs adsorption equation for the surface. Obvious
Willemski’s considerations hold for general multicompone
systems. It is worth noting that the thermodynamical part
the theory remains incomplete: extra relationships specify
551063-651X/97/55~2!/1607~10!/$10.00
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surface compositionin the vicinity of the saddle point are
necessary for calculation of the free energy surface. Ho
ever, this incompleteness affects only the prefactorJ0 which
has a minor influence on the nucleation rate as the latte
dominated by the exponentDG* . Thus, the crucial point of
any nucleation theory is the choice of a model for the ene
barrier of cluster formation. This choice manifests itself
determination of the size and composition of the critic
nucleus.

Recent experiments by Looijmanset al. @8,9# on nucle-
ation of binary mixtures of hydrocarbons exhibiting a retr
grade condensation behavior showed, in agreement with
lier studies @10–13#, that the classical binary model fail
because it inaccurately predicts the composition of the c
cal nucleus and does not take into account curvature effe
Similar remarks can be referred to the multicompon
model of @1#. Unfortunately, there is a lack of experiment
data on multicomponent nucleation in spite of its sign
cance from the fundamental and application point of vie
One of the important application aspects of the problem
the formation of a mist of droplets during expansion of na
ral gas ~which is a mixture of more than 40 componen
predominantly hydrocarbons!. Condensation of natural gas i
a Wilson expansion cloud chamber has been studied rece
by Muitjenset al. @14#, who determined the onset of conde
sation by means of a light scattering technique.

As far as the theoretical description of the multicomp
nent problem is concerned, it seems to be practically ho
less to solve it straightforwardly in view of its large dime
sionality ~e.g., natural gas!. Therefore, an effective-medium
approach is a plausible and appropriate approximation.
sides dimensionality, one has to bear in mind that a pur
phenomenological model by its nature has obvious dra
backs which show up already in a single-component case
semiphenomenological approachrepresenting a combinatio
of statistical mechanical treatment of clusters and empir
data seems to be most promising, especially as far as a q
titative description of nucleation in complex substances
concerned. For a single-component nucleation this has b
demonstrated by various authors@15–17#.

Recently we have formulated an effective-medium a
proach to binary nucleation at conditions of retrograde c
densation@18,19#. In the present paper we extend it to mu
1607 © 1997 The American Physical Society
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ticomponent nucleation at conditions of retrogra
condensation. The main objective of this approach is to p
pose a theory resulting in quantitative predictions of nuc
ation rate which could be directly compared with expe
ment. To achieve this goal we replace the problem
nucleation in the original multicomponent system by nuc
ation in an effective unary system. In view of the exponen
dependence of the nucleation rate onDG* , an effective one-
component system to be defined should possess the
energy barrier as the original one. Once an effective sys
is formulated it can be treated within the framework of t
semiphenomenological kinetic approach@17#.

An effective one-component model is introduced in S
II; its thermodynamics is discussed in Sec. III. Section
contains the resulting expressions for the steady-state nu
ation rate and critical cluster size. The proposed theory
applied to binary mixtures methane–nonane and metha
octane and a 4-component mixture methane–nona
decane–undecane at conditions corresponding to retrog
condensation~Sec. V!. Conclusions are formulated in Se
VI.

II. FORMULATION OF AN EFFECTIVE
ONE-COMPONENT MODEL

We consider a nonideal mixture of totally miscible com
ponents 1, . . . ,N at an initially gaseous state characteriz
by the total initial pressurep0, initial temperatureT0, and
mole compositiony5(y1 , . . . ,yN); ( i51

N yi51. After fast
expansion the system is brought to a nonequilibrium stat
characterized by the total pressurep, temperatureT, and~the
same! compositiony, where nucleation starts.

We focus on the regime of retrograde condensation:
nucleation point (p,T,y) is situatedinside the vapor-liquid
coexistence regionof the phase diagram. Two-phase equili
rium of theN-component mixture is characterized by equ
ity of pressure, temperature, and each of the chemical po
tials m i @20#:

pl~T,v0
l ,x0!5p,

pv~T,v0
v ,y0!5p, ~2!

m i
l~T,v0

l ,x0!5m i
v~T,v0

v ,y0!, i51, . . . ,N.

Subscripts ‘‘l ’’ and ‘‘ v ’’ refer to the liquid and vapor
phase, respectively; x05(x1

0 , . . . ,xN
0 ) and y05

(y1
0 , . . . ,yN

0 ) are the equilibrium liquid and vapor compos
tion, respectively;v0 is the molecular volume. In view of the
normalization( i51

N xi
05( i51

N yi
051, the conditions~2! rep-

resent a system of N12 equations containing
212(N21)52N unknowns: v0

l ,v0
v ;x1

0 , . . . ,xN21
0 ;

y1
0 , . . . ,yN21

0 . The system of equations can be completed
conservation laws for particles of each species resulting

x0L f1y0~12L f !5y, ~3!

whereL f ~an extra unknown variable! denotes the liquid mo-
lar fraction ~i.e., ratio of the number of moles in the liqui
phase to the total number of moles in the system!. Condition
~3! results inN21 independent equations. Thus, we ha
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2N11 unknowns and the same number of independ
equations. They can be solved with the help of an appro
ate equation of state for a mixture~see, e.g.,@21#!. Our as-
sumption that the nucleation point (p,T,y) describes the ret-
rograde condensation means that there exists a un
nontrivial solution of Eqs.~2! and~3!. At the p-T plane~see
Fig. 1! the boundary of the coexistence region~a ‘‘coexist-
ence envelope’’! can be thought of as a set of equilibriu
pressure-temperature points corresponding toL f50. Inside
the coexistence region equilibriump-T lines correspond to
~can be parametrized by! L f.0. Outside the coexistence en
velope there is no two-phase equilibrium.

A degree of metastability of componenti can be charac-
terized by a ‘‘metastability parameter’’

Si5
yip

yi
0p

5
yi
yi
0 , i51, . . . ,N ~4!

which is an experimentally controllable quantity. It has
direct analogy in a single-component nucleation where it
duces to a familiar definition of a supersaturation. Note t
the language of the vapor-phase activiti
ai
v[yip/psat,i(T), wherepsat,i(T) is a saturation vapor pres
sure of a pure componenti at the temperatureT, cannot
always be appropriate: for some of the components the c
cal temperature can be lower thanT and thereforepsat,i(T)
does not exist~see Sec. V!.

A peculiarity of the multicomponent nucleation proble
is a dependence of the energy barrierDG* on thea priori
unknown bulk composition of the critical nucleu
xi*5ni* /( i51

N ni* ~the upper star refers to the critica
nucleus! which should be determined from a certain therm
dynamic model.

Our aim is to formulate an effective one-component s
tem with the same nucleation behavior as for the origi
N-component system. It implies that an effective syst
should have the same energy barrier. Though the class
model forxi* is not quite satisfactory, one can use itas a first
guessfor defining the parameters of the effective syste
The equations for the critical cluster read@1#

Dm i*1
2g* v i

l*

r *
50, i51, . . . ,N, ~5!

FIG. 1. Schematic representation of nucleation in a multico
ponent mixture in the regime of retrograde condensati
(p0 ,T0 ,y), initial gaseous state; (p,T,y), nucleation point situated
inside the coexistence region. Coexistence envelope correspon
L f50.
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55 1609SEMIPHENOMENOLOGICAL EFFECTIVE-MEDIUM . . .
whereDm i*5m i
l*2m i

v* is the difference between chemic
potentials of componenti in the liquid and vapor phases a
the same total vapor pressurep, temperatureT, and compo-
sition x* ; r * is the radius of the critical nucleus,g* the

surface tension, andv i
l* a molecular volume of the compo

nent i in the liquid phase. The value of the free energy b
rier is then given by

DG*5
4p

3
g* r * 2

~clusters are assumed to be spherical!. Multiplying Eq. ~5! by
xi* and summing up over alli , we obtain

r *52
2g* v*

(
i51

N

xi*Dm i*

wherev*5( i51
N xi* v i

l* is a mean bulk molecular volume i
the liquid phase. Thus, the energy barrier reads

DG*5
16p

3

g*
3
v*

2

S (
i51

N

xi*Dm i* D 2 . ~6!

The classicalsingle-componentnucleation theory gives
for the energy barrier the following result@22#:

DG*[DGnc
5
16p

3

g3v l
2

~Dm!2
, ~7!

wherenc is the number of particles in the critical cluster,g
the surface tension,v l the molecular volume in the liquid
phase, andDm the chemical potential difference. An obviou
similarity between Eqs.~6! and~7! suggests that an effectiv
system should have parameters satisfying in the first appr
mation the following conditions:g5g* ,v l5v* ,

Dm5Dm*[(
i51

N

xi*Dm i* . ~8!

For anN-component liquid droplet with radiusr * and com-
position x* in equilibrium with a surrounding
N-component vapor we can write, using incompressibility
the liquid phase@23#,

2g*

r *
5
kBT

v i
l* lnS pi

pi
coexD 2~p2pcoex!, i51, . . . ,N, ~9!

wherepcoex(x* ,T) is the pressure corresponding to coexi
ence between bulk vapor and bulk liquid~plane interface!
with compositionx* ; pi is the partial pressure of compo
nenti , pi

coex the same quantity referring to a plane interfac
Comparison of this expression with Eq.~5! shows that
Dm i* can be written in the form

Dm i*52kBTlnSi* ~ i51, . . . ,N!,

where the quantitySi* is defined as
-

i-

f

-

.

Si*5
pi
pi
coexexpF2

~p2pcoex!v i
l*

kBT
G . ~10!

In view of Eq. ~5! all Dm i* are negative and therefore a
Si* are larger than unity; thus, one can say thatSi* describes
a supersaturation of componenti in the critical cluster. From
Eqs.~8! and ~10! we obtain

Dm*52kBTlnF)
i51

N

~Si* !xi* G . ~11!

Comparison of Eq.~11! with its single-component analo
Dm52kBTlnS, whereS is a supersaturation of a single
component vapor, shows that in the same approximation
quantity

S*5)
i51

N

~Si* !xi* ~12!

plays the role of a supersaturation in the effective unary s
tem. An important feature of our effective-medium approa
is the self-consistency with respect toS* : the definition of
S* contains the critical cluster composition in the origin
multicomponent system, which itself is a function of the s
persaturation. This is an essential difference with the p
single-component case in which supersaturation is an in
pendent parameter.

We suppose that the difference between the actual t
pressurep and pcoex(x* ,T) is small, which means thatx*
does not differ much from the equilibrium compositio
x0(p,T,y). Then one can develop a perturbation modelin the
liquid composition differenceDx*5(x*2x0). In its frame-
work Si* can be related to a metastability parameter as

Si*5Si@11e i~Dx* !#,

where the unknown functione i→ 0 asDx*→ 0. These
considerations applied to Eq.~12! yield

S*5S̄~11C* !, ~13!

where the reference contribution

S̄5)
i51

N

S
i

xi
0

~14!

has the same structure asS* but the unknown critical com-
position is replaced by the known equilibrium compositio
The functionC* is treated as an unknown small perturbati
accounting for composition, surface enrichment, and cur
ture effects incorporated inS* . It should vanish as
Dx*→ 0 which corresponds to the large values of the cr
cal radius. It is reasonable, therefore, to assume a power
form:

C*5as
~0!S 1r * D

h11

, ~15!

whereas
(0) and h(h.21) are unknown parameters to b

determined. Substituting Eq.~13! into the energy barrier
given by Eq.~6! and linearizing inC* we obtain
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DG*5
16p

3

@g* ~11C1* !#3v*
2

~2kBTlnS̄!2
, ~16!

where

C1*52
2

3

1

lnS̄
C* . ~17!

Analyzing Eq.~16! one can conclude that nucleation in th
original multicomponent system is similar to nucleation
the effective one-component system having a supersatura
S̄ and characterized by therenormalized surface tension

g1*5g* ~11C1* !. ~18!

This consideration gives us a possibility of operating w
the effective system since its supersaturation is now fixed
the input conditions (p,T,y); composition, surface enrich
ment, and curvature effects incorporated inS* are ‘‘trans-
formed’’ to the renormalized surface tension. From Eqs.~4!
and~14! it follows that the effective pressure,p̄, of the one-
component system can be written as

p̄5F)
i51

N

y
i

xi
0Gp, ~19!

while the effective saturation pressure reads

psat5F)
i51

N

~yi
0!xi

0Gp. ~20!

The ratio of these two quantities yields a common definit
of the supersaturation of a one-component vap
p̄/ psat5S̄. The effective molecular volume can be appro
mated by the equilibrium liquid-phase molecular volume
the original system:v*'v0

l .
The bare surface tension of the critical cluster,g* , can be

written in a curvature-dependent form similar to Tolman
result for a spherical interface@25#:

g*5g0F11ag
~1!

1

r * G , ~21!

where the leading term,g0, is the surface tension of th
infinite plane interface for the vapor-liquid equilibrium of th
original multicomponent system. An unknown functio
ag
(1) represents a ‘‘Tolman length.’’ The classical singl

component nucleation theory@22# establishes the following
relationship between the supersaturation and the radius o
critical cluster:

1

lnS̄
5

kBT

2g0v0
l r * . ~22!

From Eqs.~15!, ~17!, ~18!, and~22! g1* reads

g1*5g0F11ag
~1!

1

r *
1as

~1!S 1r * D
hG , ~23!

where
on

y

n
r:

f

he

as
~1!~p,T!52

1

3

kBT

g0v0
l as

~0! . ~24!

On the right-hand side of Eq.~23! we have skipped the
term proportional to (1/r * )h11 keeping the first two terms in
powers of (1/r * ). For large values ofr * both correction
terms should vanish, thereforeh should be positive. Among
the three unknown parametersag

(1) , as
(1) , and h, which

have to be determined from a thermodynamic model,
exponenth plays an exceptional role. Ifh is not a constant
but a variable, ranging from zero to infinity, then the val
h51 leads to a singularity. Indeed, in this case, as it follo
from Eq. ~23!, the unknown quantitiesag

(1) and as
(1) lose

their individual meaning—what matters is only their su
ag
(1)1as

(1) . This situation results in a singularity in thermo
dynamic properties in the vicinity of the solution wit
h51 ~for binary system it was discussed in@19#!. This sin-
gularity, however, does not reflect a physical reality a
since one cannota priori excludeh51 from the accessible
domain it is reasonable to assignh a fixed value. In a pure
single-component system it is inappropriate to continue
expansion of surface tension in powers of curvature:
(1/r *

2
) correction results in a constant contribution to su

face energy~since the surface area is proportional tor * 2)
and thus this correction can play no role in the restor
force acting against distortions of the surface@26#. That is
why in thebare surface tensiong* we have kept only the
term linear in curvature. However, for therenormalized
quantityg1* it is plausible to continue the expansion up to t
second order, thus settingh52. In view of the previous dis-
cussion this assumption results in a renormalization of
energy barrier and therefore eventually influences the nu
ation rate. We will suppose that the form of Eq.~23! holds
for all nucleus sizes~not only for the critical one!. Then the
surface tension of ann cluster of the effective system~i.e., a
cluster containingn ‘‘virtual monomers’’! with radius

r n5r 1n
1/3 ~25!

can be written as

g1~n!5g0@11agn
21/31asn

22/3#, ~26!

whereag5ag
(1)/r 1 , r 15@(3/4p)v0

l #1/3, and

as5as
~1!/r 1

2 . ~27!

Unknown parametersag andas can be found from thermo
dynamic considerations presented in Sec. II;g1*5g1(nc),
the critical cluster sizenc is given by the solution of the
one-component nucleation problem~Sec. IV!. We can esti-
mate now the value of the perturbation parameterC* in Eq.
~13!. From Eqs.~24! and ~27!

as
~0!523

g0v0
l

kBT
r 1
2as52u0r 1

3as ,

where

u05
g0s1
kBT

~28!
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is a dimensionless macroscopic surface tension,s154pr 1
2.

Then Eq.~15! with h52 results in

C*52
u0as

nc
. ~29!

III. THERMODYNAMICS OF THE EFFECTIVE SYSTEM

In this section we formulate a thermodynamic model
the effective system. The latter represents a real gas of in
tinguishable particles, namely, virtual monomers. As is co
monly done in nucleation models, we assume that the
gas can be viewed as a collection of noninteracting sphe
clusters which are associating and dissociating; intraclu
interactions are, of course, important. In particular, we w
be interested in the cluster distribution at the effective sa
ration point,rn,sat, since the latter quantity enters into th
‘‘kinetic expression’’ for the nucleation rate studied in Se
IV.

Let qn be the configuration integral for then cluster in a
domain of volumeV @27#. The grand partition function of the
system can be written in an exponential form@28#:

J5expF (
n51

`

qnz
nG ,

wherez is the fugacity. As a result the pressure equation
state, which we apply at the saturation poi
psatV5kBT(lnJ)sat, reads

psat
kBT

5 (
n51

` S qnV znD
sat

~30!

~subscript ‘‘sat’’ refers to the effective saturation point!. The
number density ofn clusters is

rn,sat5S qnV znD
sat

.

With the help of the standard thermodynamic transform
tions it can be rewritten in a Boltzmann form:

rn,sat5
1

V
e2bVn,sat, b51/kBT, ~31!

where the grand potential

Vn,sat[2kBTln~qn /L
3n!2nmsat ~32!

represents the energy barrier for ann-cluster formation at the
saturation point,msata chemical potential of a monomer, an
L its de Broglie wavelength. The equation of state is the
fore a sum of ideal gas contributions of various clusters:

psat
kBT

5 (
n51

`

rn,sat. ~33!

The overall vapor number density at saturation is then
definition
r
is-
-
al
al
er
l
-

.

f
,

-

-

y

rsat
v 5 (

n51

`

nrn,sat. ~34!

Equations~33! and~34! are quite general and do not depe
on a specific form of the configuration integral, or, equiv
lently, a form ofVn,sat. We will specifyVn,sat by formulat-
ing a generalized Fisher droplet model, which is an exten-
sion of the classical Fisher model@28# to a multicomponent
mixture:

bVn,sat5bg1~n!s1n
2/31 t̄ lnn2 ln~q0V!. ~35!

The first term on the right-hand side represents a dim
sionless surface energy of a cluster. Terms with the effec
Fisher parametersq0 and t̄ arise from various degrees o
freedom of a cluster and from configurational effects. As i
known, the individual Fisher parameters of the compon
i , t i , andq0,i are related to its critical pressurepc,i , tem-
peratureTc,i , and number densityrc,i via @29#

rc,i5q0,iz~t i21!, pc,i5q0,ikBTc,iz~t i !, ~36!

wherez(x)5(n51
` n2x is the Riemann zeta function;t i sat-

isfies 2,t i,3 @17#. It is reasonable to suggest that the e
fective parametersq0 and t̄ should be related in a simila
way to the critical properties of the effective system. T
latter can be approximated by thepseudocritical properties
of the mixture @21#. For the pseudocritical temperatureTc
and the compressibility factorZc a simple mole fraction av-
erage method is satisfactory:

Tc5(
i51

N

xi
0Tc,i , ~37!

Zc5(
i51

N

xi
0Zc,i , ~38!

whereZc,i is the critical compressibility factor of the pur
componenti . The pseudocritical pressure is given by t
modified Prausnitz-Gunn combination:

pc5
ZckBTc

(
i51

N

xi
0/rc,i

. ~39!

Finally, the pseudocritical number density reads

rc5S (
i51

N

xi
0 1

rc,i
D 21

. ~40!

The weights according to the liquid composition are chos
in order to ensure that components dominating in the liq
phase give the major contribution to the nucleation behav
in particular to the energy barrier. From Eq.~36! we find that
t̄ should satisfy the equation

z~ t̄ !

z~ t̄21!
5Zc ~41!

andq0 is given by
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q05
rc

z~ t̄21!
. ~42!

From Eqs.~31!, ~35!, ~26!, and~28! we obtain for the cluster
distribution

rn,sat5q0exp@2u0~11agn
21/31asn

22/3!n2/32 t̄ lnn#.
~43!

For the two unknown parametersag and as we have two
equations~33! and~34!. The saturation pressure is defined
Eq. ~20! and the saturation vapor density@left-hand side of
Eq. ~34!# can be expressed by means of the virial expans
@30#,

rsat
v '

psat
kBT

2B̄S psatkBT
D 2, ~44!

whereB̄ is the second virial coefficient of the effective sy
tem. It is calculated using the standard~theoretically rigor-
ous! bilinear mixing rule@31#:

B̄5(
i

(
j
xi
0xj

0Bi j , ~45!

whereBii[Bi are pure component second virial coefficien
at temperatureT and the structure of unlike termsBi j is
described in@21#. Not too close to the critical condition
~i.e., whenu0.1) the series on the right-hand side of Eq
~33! and ~34! rapidly converge due to the exponent
rn,sat. Truncating both of them atn52 we obtain

r1,sat

q0
5Z01qB ,

r2,sat

q0
5 2qB ,

where the dimensionless quantities on the right-hand side
Z05psat/(q0kBT), qB5q0B̄Z0

2. The validity of the trun-
cated virial expansion requires thatuqB /Z0u!1, which
means that the number density of dimers should be m
less than the number density of monomers. Givenr1,sat and
r2,sat we find ag and as from Eq. ~43! written for
n51 and 2:

ag5

2
1

u0
lnS 2 t̄

r2,sat
q0

D1
1

u0
lnS r1,sat

q0
D

a21
2a21, ~46!

as5

2a
1

u0
lnS r1,sat

q0
D1

1

u0
lnS 2 t̄

r2,sat
q0

D
a21

1a, a[21/3.

~47!

Thus, all thermodynamic parameters of the effective sys
are defined.
n

.

re

h

m

IV. STEADY-STATE NUCLEATION RATE

Kinetics of nucleation in the effective system is suppos
to satisfy the following usual assumptions:~a! cluster growth
and decay are dominated by monomer addition~condensa-
tion! and monomer extraction~evaporation! and ~b! mass
accommodation coefficients are equal to unity. The kine
process rapidly reaches a steady nonequilibrium state c
acterized by the steady-state nucleation rateJ. In the frame-
work of the kinetic approach to one-component nucleat
formulated by Katzet al. @32# ~see also@17#!,

J5AH9~nc!

2p
n̄snc~S̄!ncrnc ,sat. ~48!

Heresn5s1n
2/3 is the surface area of ann cluster,

n̄5
p̄

A2pm̄kBT

is monomer flux to the unit surface~effective impingement
rate!, andm̄ the effective molecular mass. In order to dete
mine m̄ we note that the molecular masses of the com
nents,mi5Mi /NA (Mi is the molar weight of the componen
i andNA the Avogadro number!, enter the kinetics of the
original multicomponent system only via the impingeme
rates:

n i5
pi

A2pmikBT
, i51, . . . ,N.

The effective pressure~19! can be written as

p̄5)
i51

N

p
i

xi
0

5S )
i51

N

n
i

xi
0DA2pkBTS )

i51

N

m
i

xi
0D

thus yielding

m̄5)
i51

N

m
i

xi
0

, n̄5)
i51

N

n
i

xi
0

. ~49!

FunctionH(n) in Eq. ~48! is defined as

H~n!5 ln@ n̄sn~S̄!n rn,sat#. ~50!

The critical cluster size is given by minimization ofH:

H8~nc!50, 85d/dn.

Substitution of the cluster distribution~43! into this equation
yields

2nclnS̄1
2

3
u0nc

2/31
1

3
u0agnc

1/31 t̄2
2

3
50. ~51!

The final expression for the nucleation rate reads
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J5
1

3
Au0

p
~11agnc

21/3!1
9

2p S t̄2
2

3Dnc22/3

3
p̄s1

A2pm̄kBT
q0 ~S̄!nc

3exp@2u0~11agnc
21/31asnc

22/3!nc
2/32 t̄ lnnc#.

~52!

Concluding formulation of the theory, we note that it is va
provided thatr2,sat/r1,sat!1 and uC* u!1. These validity
conditions can be written as

ueviru5U B̄ psat
kBT

U!1 and uC* u5U u0as

nc
U!1. ~53!

V. RESULTS: NUCLEATION IN MIXTURES
OF HYDROCARBONS

We apply the proposed theory to hydrocarbons: bin
mixtures, nonane–methane and octane–methane, an
4-component mixture, methane–nonane–decane–unde
Individual thermophysical properties of the components
listed in Table I. Equilibrium state of a mixture@Eqs.~2! and
~3!# is calculated on the basis of the Redlich-Kwong-Soa
equation of state@21#:

p5
rkBT

12bmr
2

amr2

11bmr
, ~54!

wherer is the number density; expressions for coefficie
am andbm are given in@21#, Chap. 4. Second virial coeffi
cients of the pure componentsBi(T) are found from the
corresponding state correlation for nonpolar substances@21#,
Chap. 3:

Bi5
kBTc,i
pc,i

F0.0832 0.422

t i
1.6 1v i S 0.1392 0.172

t i
4.2 D G , ~55!

where t i5T/Tc,i , v i is Pitzer’s accentric factor. There is
lack of experimental data on surface tension of mixtures
high pressures. For estimatingg0 we use an empirical ‘‘para
chor method’’ ~MacLeod-Sugden correlation! @21#, Chap.
12:

TABLE I. Thermophysical properties of hydrocarbons@21#: M
~g/mol!, molecular weight;Tc ~K!, critical temperature;pc ~bar!,
critical pressure;rc(cm

23), critical number density;v, Pitzer’s ac-
centric factor;@P#, parachor.

Component
M

~g/mol!
Tc
~K!

pc
~bar!

rc

(cm23) v @P#

methane 16.043 190.4 46.0 6.0731021 0.001 53.9
octane 114.232 568.8 24.9 1.2231021 0.398 350.6
nonane 128.259 594.6 23.13 1.0931021 0.445 387.6
decane 142.286 617.7 21.2 1.0031021 0.489 429.7
undecane 156.313 638.8 19.7 0.9131021 0.535 471.0
y
a

ne.
e

e

s

t

g0
1/45(

i51

N

@Pi #S xi0v0l 2
yi
0

v0
v D , ~56!

where@Pi # is a parachor of componenti .
Calculation steps are summarized as follows:~a! from the

input conditions (p,T,y) and the equation of state~54! equi-
librium calculations ~2! and ~3! are performed yielding
x0, y0, v0

l , and v0
v ; ~b! with the help of the paracho

method~56! the equilibrium value of the macroscopic su
face tensiong0 is found; ~c! effective parameters—pressu
p̄, saturation pressurepsat, supersaturationS̄, second virial
coefficient B̄, molecular massm̄, Fisher parameterst̄, and
q0—are determined from Eqs.~19!, ~20!, ~14!, ~45!, ~49!,
~41!, and~42!, respectively;~d! parametersag andas of the
renormalized microscopic surface tension are found fr
Eqs.~46! and~47!; ~e! the critical cluster sizenc is a~unique!
real solution of the cubic equation~51!; ~f! from Eq.~52! the
steady-state nucleation rateJ is calculated; the validity con-
ditions ~53! are checked.

A. Binary mixtures

The equilibrium state of a binary mixture is determin
by fixing two degrees of freedom,p andT. Equations~2! and
~3! are thus separated:x1

0(p,T), y1
0(p,T), v0

l (p,T), and
v0
v(p,T) are found from Eq.~2! whereas the liquid fraction is

L f~p,T,y1!5
y12y1

0~p,T!

x1
0~p,T!2y1

0~p,T!
.

1. Nonane–methane

We analyze nucleation in the mixtur
n-nonane–methane at a temperatureT5240 K and total
nucleation pressures 10<p<40 bars. At high pressures th
real gas effects are highly pronounced and both of the c

FIG. 2. Nucleation in the mixture nonane–methane atT5240 K
as a function of a metastability parameter of nonaneSnonane.
Dashed lines, new theory; closed circles, experiment@8#. Labels are
the total nucleation pressures in bars~horizontal labels refer to the
lines, inclined labels refer to experimental data!.
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ponents are present in the condensed phase in conside
amounts. Nucleation rate vs the metastability paramete
nonaneSnonaneis presented in Fig. 2 along with the expe
mental data of@8#. A peculiar feature of these experiments
that a very small amount of nonane (ynonane;1024–1025)
causes considerable nucleation involving methane into
critical cluster. Should it be pure, methane would never c
dense atT5240 K since its critical temperature is lower tha
T ~see Table I!. In Fig. 2 labels are the corresponding to
nucleation pressures in bars; horizontal labels refer to
theoretical lines, inclined labels refer to the sets of exp
mental points. Theoretical predictions appear to agree w
with experiment for 10<p<30 bars: the difference betwee
experiment and theory is approximately 1–2 orders of m
nitude. Comparison becomes worse forp540 bars; however,
for this pressure experimental data possess rather large
tering. Figure 3 shows the behavior of the perturbation
rameterC* . For all the results presented it remains sm
(uC* u,0.14) thus satisfying the validity condition~53!. Cal-
culated values of the parametersu0 , ag , and as of the
renormalized surface tension are given in Table II along w
the values of the virial expansion parameterevir . The latter
remains small in agreement with condition~53!. As the total
pressure increases the macroscopic surface tensionu0 drops
as an increasing amount of methane is dissolved in the liq
phase. An interesting feature of these results is thatag and
as have different signs, which means that they lead to m
tually competing contributions to the microscopic surfa
tension and therefore to the nucleation barrier.

Figure 4 displays the predictions of classical binary nuc
ation theory@33# along with the same set of experiment

FIG. 3. Behavior ofC* for the mixture nonane–methane
T5240 K as a function of a metastability parameter of nona
Snonane. Labels are total pressures in bars.

TABLE II. Thermodynamic parameters of the binary mixtu
nonane–methane at the temperatureT5240 K.

p ~bar! u0 ag as ueviru

10.000 15.108 20.443 0.132 0.1831023

20.000 13.121 20.530 0.224 0.6131023

30.000 11.287 20.641 0.339 0.1931022

40.000 9.600 20.780 0.483 0.5531022
ble
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data as in Fig. 2. Classical theory essentially underestim
the nucleation rate: the discrepancy with experiments va
from 3 orders of magnitude atp510 bars up to 15 orders o
magnitude at 40 bars.

2. Octane–methane

Calculation of the nucleation behavior of the mixtu
octane–methane at the same temperatureT5240 K and total
nucleation pressures 10<p<40 bars is presented in Figs.
~new theory! and 6 ~classical theory!. Results possess th
same features as those of nonane–methane.

B. Four-component mixture

On the basis of the proposed theory we have stud
nucleation in a 4-component mixture of hydrocarbons
methane–nonane–decane–undecane—with a compos

e

FIG. 4. Nucleation in the mixture nonane–methane atT5240 K
as a function of a metastability parameter of nonaneSnonane. Solid
lines, classical theory@33#; closed circles, experiment@8#. Other
notations are the same as in Fig. 2.

FIG. 5. Nucleation in the mixture octane–methane atT5240 K
as a function of a metastability parameter of octaneSoctane. Dashed
lines, new theory; closed circles, experiment@9#. Other notations
are the same as in Fig. 2.
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approximately corresponding to that of natural gas@14# ~see
Table III!. A peculiar feature of the natural gas is similar
the one we discussed earlier, namely, a very small total
lar fraction of heavy hydrocarbons~nonane, decane
undecane!—'431024 in Table III—causes considerabl
nucleation involving the light component~methane! into the
critical cluster. Figure 7 shows the dependence of the nu
ation rate on the total nucleation pressurep at T5265.15 K.
As one can see,J has a maximum;109 cm23 s21 at
p'50 bars. Its presence can be understood from thep-T
diagram of Fig. 1: by increasing pressure we ‘‘move’’ th
system along the lineT5 const from the lower to the uppe
branch of the coexistence envelope. On both branches
J50 and S̄51. S̄(p) has also a maximum which corre
sponds, however, to a different pressurepS'15 bars. Sepa-
ration of these two maxima can be explained by a mono
nous decrease of surface tension with pressure~the same
tendency as in Table II!. It is interesting to note thatS̄(p)
andu0(p) are competing factors forJ if pressure is beyond
pS .

If the number of components is large it is important
ascertain which of them gives the major contribution to
nucleation behavior. Figure 8 shows the values of a meta
bility parameterSi , the equilibrium liquid compositionxi

0 ,

and the factorS
i

xi
0

for one particular pressurep540 bars;
components are ordered by their molecular weight. He
components are characterized by large values ofSi (Si
monotonically increases withi ). At the same time the equi
librium liquid fraction xi

0 demonstrates a nonmonotonic

FIG. 6. Nucleation in the mixture octane–methane atT5240 K
as a function of a metastability parameter of octaneSoctane. Solid
lines, classical theory; closed circles, experiment@9#. Other nota-
tions are the same as in Fig. 2.

TABLE III. Composition y of the 4-component mixture
methane–nonane–decane–undecane.

Number Component yi3106

1 methane 999661
2 n-nonane 42.2600
3 n-decane 288.720
4 n-undecane 8.02
o-

e-

it

-

e
ta-

y

character: for the heaviest components~undecane! it rapidly
decreases. This statement remains valid for the natural

studied in@14#. The quantityS
i

xi
0

has a maximum falling~in
our case! on decane. Effective supersaturatio

S̄5) i51
4 S

i

xi
0

'6.01.
On the basis of these considerations one can make a q

tative conclusion that the heaviest components, though c
acterized by increasingly high values of metastability para
eter, play a minor role in the nucleation behavior. This ro
actually reduces to redistribution of the vapor compositi
y1 , . . . ,yN among the components. We hope that the qua
tative and quantitative results obtained in this section w
encourage experimental interest in the problem of multico
ponent nucleation.

FIG. 7. Nucleation in the mixture methane–nonane–decan
undecane. Pressure dependence of nucleation rateJ, effective su-
persaturationS̄, and macroscopic surface tensionu0 at T5265.15
K. Also shown is the behavior ofC* .

FIG. 8. Model parameters for the mixture methane–nonan
decane–undecane atT5265.15 K andp540 bars.Si ~left y axis!
andxi

0 ~right y axis! are the metastability parameter and the eq
librium liquid molar fraction of the componenti . Components are

ordered by their molecular weight. Also shown isS
i

xi
0

~left y axis!.
Lines are drawn for visual convenience. Effective supersatura

of the mixture isS̄5) i51
4 S

i

xi
0

'6.01.
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VI. CONCLUSIONS

We have proposed an effective one-component mode
homogeneous vapor-liquid nucleation of multicompon
mixtures in the regime of retrograde condensation. A tra
formation from the original multicomponent to an effectiv
unary system is accompanied by renormalization of surf
tension. The latter quantity effectively takes into accou
composition, surface enrichment, and curvature effe
Thermodynamics of the effective system is based on the g
eralized Fisher droplet model with the renormalized surf
tension; this model is applied at the effective saturat
point. The theory results in a closed-form expression~52! for
the nucleation rate. It contains no adjustable parameters

The theory was applied to binary mixtures nonan
ty

, J

er

.

s

or
t
s-

e
t
s.
n-
e
n

methane and octane–methane - and to the 4-component
ture methane–nonane–decane–undecane at conditions c
sponding to the retrograde condensation. Calcula
nucleation rates for binary mixtures agree fairly well with t
recent experimental data, whereas predictions of the clas
binary nucleation theory are rather poor. Theoretical pred
tions for the 4-component mixture need to be verified
future experiments.
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